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Schrödinger equation

Cubic NLS: {
i∂tψ + ∆xψ − |x|2ψ = |ψ|2ψ,
ψ(t = 0) = ψ0,

(cNLS)

ψ ≡ ψ(t, x), t ∈ R∗, x ∈ Rd.

Made of two parts
- Harmonic oscillator:

i∂tψ + ∆xψ − |x|2ψ = 0 (HO)

- Cubic nonlinearity:
i∂tψ = |ψ|2ψ (1.1)
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Time-splitting

ψ0 → [(cNLS),∆t] → ψ(t = ∆t),

ψ0 → [(HO),∆t] → [(1.1),∆t] → ϕ(t = ∆t),

ψ0 → [(HO), 1
2∆t] → [(1.1),∆t] → [(HO), 1

2∆t] → φ(t = ∆t),

Then

ϕ(∆t) = ψ(∆t) + O(∆t)
φ(∆t) = ψ(∆t) + O(∆t2)
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Modulation
“Bubbles” introduced in12, to study blow-up of solutions.
Let

ψ(t, x) ≈ u(t, x) :=
N∑

j=1
uj(t, x),

with

uj(t, x) := Aj

Lj
eiγj+iLjβj ·yj−i

Bj
4 |yj |2

vj(sj , yj), with

∣∣∣∣∣∣∣∣

dsj

dt := 1
L2

j

,

yj := x−Xj

Lj
,

1Yvan Martel and Pierre Raphaël. “Strongly Interacting Blow up Bubbles for
the Mass Critical Nonlinear Schrödinger Equation”. In: Annales scientifiques de
l’École normale supérieure 51.3 (2018), pp. 701–737. issn: 0012-9593, 1873-2151.
doi: 10.24033/asens.2364.

2Erwan Faou and Pierre Raphael. “On Weakly Turbulent Solutions to the
Perturbed Linear Harmonic Oscillator”. In: arXiv:2006.08206 [math] (June 2020).
arXiv: 2006.08206 [math]. url: http://arxiv.org/abs/2006.08206.
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Plug previous ansatz in the Harmonic Oscillator (omit j subscript):

i∂tu+ ∆xu− |x|2u

= A

L3 e
iγ+iLβ·y−i B

4 |y|2 {
i∂sv +

(
−γs + β ·Xs − L2 (

|β|2 + |X|2
))
v

+
(
As

A
− Ls

L
−B

d

2

)
iv +

(
−Ls

L
−B

)
iΛv + i

(
2Lβ − Xs

L

)
· ∇v

+
(

−2L3X + LBβ − Lβs − B

2
Xs

L

)
· yv

+ ∆yv +
[
Bs

4 −
(
B2

4 + L4
)

− B

2
Ls

L

]
|y|2v

}
(s, y),

where Λv := y · ∇v.
Now choose wisely the parameters and their derivatives. . .

= 0, = -1.
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If the choice of parameters is valid/possible, it only remains:

(i∂tu+ ∆xu− |x|2u)(t, x) = A

L3 e
iγ+iLβ·y−i B

4 |y|2 {
i∂sv + ∆yv − |y|2v

}
(s, y).

For this choice of parameters,

(i∂t+∆x−|x|2)u(t, x) = 0 ⇐⇒ (i∂s+∆y −|y|2)v(s, y) = 0. (2.1)

v satisfying RHS of (2.1) can be decomposed in Hermite basis:
{
φn := Hn1 · · ·Hnd

: n ∈ Nd
}
,

thus3

v(0, y) =
∑

n∈Nd

vnφn(y) =⇒ v(s, y) =
∑

n∈Nd

vne
−(2|n|+d)isφn(y)

3because (−∆y + |y|2)φn = (2|n| + d)φn
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Parameters

Parameters chosen so that:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γs − β ·Xs + L2 (
|β|2 + |X|2

)
= 0

As

A
− Ls

L
− B

2 d = 0

− Ls

L
−B = 0

2Lβ − Xs

L
= 0

− 2L3X + LBβ − Lβs − BXs

2L = 0

Bs

4 −
(
B2

4 + L4
)

− B

2
Ls

L
= −1.

(2.2)
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Explicit expressions:

A(t) = A(0)
(

L(t)
L(0)

) 2−d
2

,

L(t)2 = 2h(t) − cos(ξ(t))
√

4h(t)2 − 1,

B(t) = 2 sin(ξ(t))
√

4h(t)2 − 1,

Xi(t) = sin(θi(t))
√

2ai(t), i = 1, . . . , d,

βi(t) = cos(θi(t))
√

2ai(t), i = 1, . . . , d,

γ(t) = γ(0) +
d∑

l=1

al(0)
2

[sin(2θl(t)) − sin(2θl(0))]

s(t) = − 1
2

arctan
((

2h(0) +
√

4h(0)2 − 1
)

tan
(

ξ(0)
2

− 2t

))

+ 1
2

arctan
((

2h(0) +
√

4h(0)2 − 1
)

tan
(

ξ(0)
2

))
+ mt

π

2
,

where, if m0 ∈ Z is such that ξ(0)
2 ∈ m0π +

[
− π

2 ,
π
2

]
, then mt ∈ Z is

defined by ξ(t)
2 ∈ (m0 −mt)π +

[
− π

2 ,
π
2

]
.

a(t) = a(0),
θ(t) = θ(0) + 2t,
h(t) = h(0),
ξ(t) = ξ(0) − 4t.
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u(t, x) := Aj

Lj
eiγj+iLjβj ·yj−i

Bj
4 |yj |2

v(sj , yj),

Explicit integrations
of parameters

Hermite decomposition
+ time integration
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We only need to solve (1.1)

i∂tψ = |ψ|2ψ,

thanks to time-splitting.

Idea: need the bubble decomposition for the linear part, so
Dirac-Frenkel principle for the nonlinear part.
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Dirac-Frenkel principle

Orthogonal projection of |ψ|2ψ onto the manifold corresponding to a
bubble decomposition.

M :=




u ∈ L2(Rd)

∣∣∣∣∣∣∣∣

u(x) =
N∑

j=1

Aj

Lj
e

iγj+iβj ·(x−Xj)−
2+iBj

4L2
j

|x−Xj |2

,

Aj , Bj , γj ∈ R, Lj ∈ R∗
+, Xj , βj ∈ Rd




.

Goal:

Find ∂tu(t) ∈ Tu(t)M, such that
⟨f, i∂tu(t)⟩ = ⟨f, u(t)|u(t)|2⟩, ∀f ∈ Bu(t).

Modulation of Schrodinger Eqn Rennes University
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M

Tu(t)M

×
u(t)

∂tu(t)

∂tu(t)
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Find ∂tu(t) ∈ Tu(t)M, such that
⟨f, i∂tu(t)⟩ = ⟨f, u(t)|u(t)|2⟩, ∀f ∈ Bu(t)

=⇒ AE = S.

A: Gram matrix of the projection onto Tu(t)M, computed
analytically.
S: inner products between u(t)|u(t)|2 and Bu(t), computed
analytically.

Modulation of Schrodinger Eqn Rennes University
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Test case 1:

ψ(t = 0, x) = πe− |x−µ1|2
2 +2e− |x−µ2|2

2 , x ∈ R2, µ1 = (0, 2), µ2 = (1, 0).

Test case 2:

ψ(t = 0, x) = e−|x−µ3|2
ei cosh |x−µ3|, x ∈ R2, µ3 = (1, 1).

Test case 2:

ψ(t = 0, x) =
{√

M2 − |x|2ei cosh
√

x2
1+x2

2 , |x|2 < M2

0 otherwise
, M = 4.

Modulation of Schrodinger Eqn Rennes University
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Figure: Test case 1, ∆t = 10−3
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Figure: Test case 2, ∆t = 10−3
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Figure: Test case 3, ∆t = 10−3
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Thank you!
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