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Schrodinger equation

Cubic NLS:

(cNLS)

iaﬂﬁ + Az"/’ - |$|2¢ = W}‘zwv
¢(f = O) = 1o,

Y =(t,x), t € R*, x € RY




Schrodinger equation

Cubic NLS:

{z‘atw +As — |2y = [¢l?y, (cNLS)

Y(t = 0) = 1o,
1/} = w(tax)a t e R*, T € Rd.

Made of two parts
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Schrodinger equation

Cubic NLS: , )
10 + Agtp — [z = [P[*Y (eNLS)
Y(t = 0) = v,
1/} = w(tax)a t e R*, T € Rd.
Made of two parts
- Harmonic oscillator:
) + Dgt)p — |z = 0 (HO)
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Schrodinger equation

Cubic NLS: , ,
i0 Agp — = ,
0 + Agth — [ = [Y[*Y (eNLS)
¢(f = O) = ¢07
Y =(t,x), t € R*, x € RY
Made of two parts
- Harmonic oscillator:
0 + Aytp — 2?4 = 0 (HO)
- Cubic nonlinearity:
i) = |9[*y (1.1)
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Time-splitting

o — [(cNLS), At] — ¢ (t = At),




Time-splitting

o — [(cNLS), At] — ¢ (t = At),

Yo = [(HO), At] = [(1.1), At] = ¢(t = Ab),

Then

d(At) = p(At) + O(At)




Time-splitting

o — [(cNLS), At] — ¢ (t = At),

Yo = [(HO), At] = [(1.1), At] = ¢(t = Ab),

Vo — [(HO), %At] S [(1.1), Af] > [(HO), %At] S o(t = AY),

Then
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Modulation

“Bubbles” introduced in'2, to study blow-up of solutions.

Let
Y(t,x) = ult,z) : Zujtx
with
dS]‘ L 1
A . Bj dt L%
u;(t, x) = Jewg'HLij-yj*ZTJ\yj\%j(sj’yj)’ with ]X
j y; = L
3= )
L;
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Plug previous ansatz in the Harmonic Oscillator (omit j subscript):

i0u 4+ Agu — |z*u
A

:L3 z'y+zLﬁy iZyl? {26U+( ’7/s+ﬁ'Xs—L2(|,3|2+|X‘2))’U

As Ly dy . L , ) X
+(A—L—BQ>W+<—L—B>2AU+Z<2L5— L)-Vv

B X,
+ (—2L3X + LBB — LfBs — 2L> v

B, (B> ,\ BL, »
o [ (B ) - 22 e}

where Av :=y - Vu.
Now choose wisely the parameters and their derivatives. ..
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00@0000

Plug previous ansatz in the Harmonic Oscillator (omit j subscript):

i0pu + Ayu — |22

_ A eV TiLBy—ig Zlyl? {1804— (—'\/sﬁ»ﬂ X, —L? (‘/6)|2+‘X| ))

L3

A, Ly d L, X,

= _ = _B-)i — =2 _BiA | 20 ).
+(A 7 2)21}—!—( i7 )z 11+Z( L) Vv

B X,
4—(—2L%¥4—LBﬁ-—Lﬁs—j2l:)-yv

Be (B>, )\ _BL o

where Av 1=y - V.
Now choose wisely the parameters and their derivatives. ..
H-oH-_1

Rennes University



[e]e]e] lo]ele)

If the choice of parameters is valid/possible, it only remains:

A . )
(i0pu + Agu — |z?u)(t, z) = ﬁe”“w'w%lw? {i050 + Ayv — |y*0} (s,9).

For this choice of parameters,

(10 +Ap—|z[Pu(t,z) =0 <= (i0s+A,—|y|*)v(s,y) = 0. (2.1)

v satisfying RHS of (2.1) can be decomposed in Hermite basis:
{‘Pn i=Hp, -+ Hp, :nENd},
thus?

Y)= Y vnpnly) = v(s,y) = Y vae” CIMtDiog, ()

neNd neNd

Sbecause (—Ay + [y2)pn = (2In| + d)pn
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Parameters

Parameters chosen so that:

Ys— B+ X+ L (|8 +|X]?) =0

A, L, B
s A A
A L 2 0

L
- =2 _B=0

L

X (2.2)
2L — =2 =
B 7 =0

BX

—2L3X + LBB — Lf, — 2LS=0

B B2 BL
S (N N 7 [ A
4 <4+ ) 2 L
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Explicit expressions:

a0 (L)

a(t) = a(0),

L(t)? = 2h(t) — cos(&(t)) 4h(t)2 -1, 8(t) = 0(0) + 2,
B(t) = 2sin {(t))\/4h -1, h(t) = h(0),

X (t) = sin(0;(t 2a;(t E(t) = &(0) — 4t

Bi(t) = cos(0;(t 2a;(t

d
7(1) =(0) + Z ‘”20
=1

= —% arctan <<2h(0) + \/m) tan (@ — 2t>)
+ %arctan (<2h(0) + \/‘W) tan <£(20))) + ng,

[sin(20,(t)) — sin(26,(0))]

s(t

~

where, if mg € Z is such that (0) mom + [fg g] then m; € Z is

€
defined by f(t) € (mo — my)m + [ o %]
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Explicit integrations Hermite decomposition
of parameters + time integration




[ Jejelele]

Content

Adding interactions

Rennes Univ



We only need to solve (1.1)

Zaﬂ/) = |1/}|2’(/1u
thanks to time-splitting.

Idea: need the bubble decomposition for the linear part, so
Dirac-Frenkel principle for the nonlinear part.
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Dirac-Frenkel principle

Orthogonal projection of |1|?4 onto the manifold corresponding to a
bubble decomposition.

2+zBJ| 7X ‘2

)

ﬁ:i i +iB(z—X;)—
M= {u e L*(RY) =L

A;,Bj,v; €R, L e RY, X, B; € R?
Goal:
Find Qu(t) € TywyM,  such that
(f,i0u(t)) = (f,u(t)[u(t)]®), Vf € By
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Oru(t)

7—11[‘7“)4\/1

o

Byu(t)
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Find dyu(t) € Ty M,  such that

(fridru(t)) = (f,u(t)|u(®)®), VS € By
— AE =S.

A: Gram matrix of the projection onto 7, )M, computed
analytically.
S: inner products between u(t)|u(t)|* and By, computed
analytically.
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Test case 1:

|z —pq |2 |z —po|?

PYt=02)=me 2 42 = , zeR*® u =(0,2), uo = (1,0).

Test case 2:

Yt =02)= e lommalgicoshle—pal g e R2 ), = (1,1).

Test case 2:

2 icosh/x 2+w2 2 2
W(t=0,2) = {V — laf?e eF < ME oy

. b
otherwise
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Bubbles approximation N =9

Figure: Approximation
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Figure: Test case 2, At = 1073




L2 norm rel. Energy rel.

Momentum rel.
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Figure: Test case 3, At = 1073




Thank you!
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