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Abstract. In this paper we generalize the spectral concentration problem as formulated
by Slepian, Pollak and Landau in the 1960s. We show that a generalized version with
arbitrary space and Fourier masks is well-posed, and we prove some new results concerning
general quadratic domains and Gaussian filters. We also propose a more general splitting
representation of the spectral concentration operator allowing to construct quasi-modes in
some situations. We then study its discretization and we illustrate the fact that standard
eigen-algorithms are not robust because of a clustering of eigenvalues. We propose a new
alternative algorithm that can be implemented in any dimension and for any domain shape,
and that gives very efficient results in practice.

1. Introduction

The spectral concentration problem was posed by Slepian, Landau and Pollak in 1961 [22].
This problems stems from the well known fact that a function f ∈ L2 with fixed L2 norm
cannot be both concentrated in space and in Fourier, owing to the celebrated Heisenberg
inequality

∥xf∥2
L2 ∥ξf̂∥

2

L2 ≥
∥f∥4

L2

16π2

where f̂ is the Fourier transform of f . The spectral concentration problem studied by Slepian,
Landau and Pollak was to find the function maximizing the L2([−1, 1]) norm of a function
for which its Fourier transform is supported in [−c, c] for some given parameter c > 0:

argmax

{ ∫ 1

−1
|f |2∫∞

−∞ |f |2
∣∣∣ suppf̂ ⊂ [−c, c]

}
.

It can be shown to be equivalent after some rescaling to the explicit eigenvalue problem of
finding eigenpairs (λ, ψ) of the problem

λψ(x) =

∫ 1

−1

sin(c(x− y))
x− y ψ(y)dy =: (Kψ)(x), x ∈ [−1, 1].

In a series of papers [15, 16, 21–23], they gave a very satisfying and efficient answer to the
above setting by finding an explicit second order operator P commuting with K:

(1) PK = KP , P = −∂x(1− x2)∂x + c2x2.

The eigenfunctions of P are special functions known as the prolate spheroidal wave functions
or simply Slepian functions, giving automatically eigenfunctions for the operator K. The
analysis of the eigenvalue distribution λ has also received a lot of attention, see [13,17] and
the references therein. Note that the previous one-dimensional analysis obviously extends to
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higher dimension by tensorization, restricting however the analysis to cartesian products of
intervals.

A few years later, Brander and DeFacio [4] showed that when the similar problem of space
and Fourier Gaussian filtering is considered, it is also possible to find a commuting differential
operator (the quantum harmonic oscillator operator, correctly rescaled) and eigenvectors
made of scaled Hermite functions.

Apart from the interval and the Gaussian cases, very few results are known about the
existence of a second-order commuting differential operator in other settings. The work of
Grünbaum, Longhi and Perlstadt [9] even seems to point towards the fact that it does not
exist in general except exceptional situations.

Since the spectral concentration problem has been formulated in 1961, it has found numerous
applications in different fields of physics (see e.g. the review by Wang [24]). Karnik et al.
even proposed a Fast Slepian transform [14], underlining the importance of this problem in
applications.

For a general domain in higher dimension, the description of the spectrum and eigenvectors
remains largely unknown. In [20], Simons and Wang considered a spectral concentration
problem that cannot be reduced to the historical problem on the interval or to the Gaussian
filter problem, and they had to resort to purely numerical solutions. Their numerical
experiments seemed to indicate that solving the spectral concentration problem with arbitrary
space and Fourier restrictions is not an issue, but this is essentially due to the favorable
numerical parameters. In practice, simple experiments show that solving numerically a
spectral concentration problem can be a source of dramatic instabilities. This is a purely
numerical issue, already present in the interval case, and it boils down to finding eigenvectors of
a matrix for which the eigenvalues are very close to each other, forming large quasi-clusters of
eigenvalues preventing standard algorithms to catch physically relevant eigenvectors. Typically
for domains, the most relevant eigenvectors are associated with eigenvalues extremely close
to 1 and it is numerically extremely difficult to classify them at a reasonable cost. The usual
method used to circumvent these instabilities is to use a very large number of discretization
points, at a cost that becomes rapidly prohibitive in dimensions 2 or 3 – which are the most
widely used cases for applications.

The main goals of this paper are the following:

• We define and study a generalized spectral concentration problem in any dimension
covering the previous situations and we give some basic properties of the associated
spectrum.
• We give some examples where the spectrum can be calculated and estimated, in

particular for general quadratic domains. We also use a general representation of the
spectral concentration operator as a Strang splitting operator allowing to have an exact
expression of eigenvalues and eigenvectors for Gaussians filters. We also give a method
for constructing quasi-modes using commutators of the Baker-Campbell-Hausdorff
formula for general filters close to the identity.
• Eventually, we propose a new algorithm for approximating the eigenpairs of the spectral

concentration operator. This methods that we call the varying mask algorithm allows
to track relevant eigenvectors by letting the size of the domain vary. We report in
one and two-dimensional examples the excellent behavior of this method compared to
standard eigendecomposition algorithms.
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1.1. Notations. The Fourier transform on L2(Rd) and its inverse are chosen respectively as
follows:

(2) F [f ](ξ) :=
∫
Rd

f(x)e−iξ·xdx, and F−1[f ](x) :=
1

(2π)d

∫
Rd

f(ξ)eix·ξdξ.

We may use the shorthand f̂ to denote F [f ]. Some useful classical properties of the Fourier
transform are the following: for f, g ∈ L2(Rd),

• (2π)d
∫
Rd f(x)g(x)dx =

∫
Rd F [f ](ξ)F [g](ξ)dξ,

• F [f(· − a)](ξ) = e−iξ·aF [f ](ξ), for ξ, a ∈ Rd,
• F(f ∗ g) = F(f)F(g),

where ∗ denotes the convolution operator: (f ∗ g)(x) =
∫
Rd f(y)g(x− y)dy.

The L2 inner product will be denoted by (·, ·)L2 and it is taken anti-hermitian in its second
argument. ∥f∥

Lp denote the standard Lp norm of a given function f .
We write A ∈ Km×n to denote a matrix with components in K with m rows and n columns.

For a given function f ∈ L2(Rd) and a given matrix A ∈ Rd×d, we use the shorthand
f ◦A(x) := f (Ax).

A ball centered at c ∈ Rd with radius r > 0 is denoted B(c, r). For any p ∈ Rd, τp denotes
a translation by p: τp(x) := x− p.

For two integers m < n ∈ Z, we write [[m,n]] = [m,n] ∩ Z.
Every index S denotes a quantity that is related to the space domain, and every index F

denotes a quantity that is related to the Fourier domain.

2. Derivation of the generalized spectral concentration problem

Let mS, m̂F ∈ L2(Rd). The function mS will be called the space filter, or space mask, and
m̂F will be called the Fourier filter, or Fourier mask. We define the following operators: for
f ∈ L2(Rd),

(MSf)(x) := mS(x)f(x), and (MFf)(x) := F−1 [m̂FF [f ]] (x).
In this work we will consider a composition of these operators, more specificallyMFMS.

Most of what follows would also apply if we consideredMSMF , with small modifications.
One has

(MFMSf)(x) = F−1 [m̂FF [mSf ]] (x) = (mF ∗ (mSf))(x).

Owing to the fact that the Fourier transform of the Dirac distribution δ0 is the identity
function, i.e.

∫
Rd e

iη·xdx = (2π)dδ0(η), direct computations yield

∥MFMSf∥2L2 =
1

(2π)d

∫
Rd

∫
Rd

mS(x)f(x)mS(y)f(y)

(∫
Rd

eiξ·(x−y) |m̂F (ξ)|2 dξ
)
dydx

= (Kf, f)L2 .(3)

The operator K is the generalized concentration operator on L2(Rd) that we have defined by
the formula

(4) K =M∗
SM∗

FMFMS,
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whereM∗
S andM∗

F are the L2-adjoint of the operatorsMS andMF respectively. We thus
have

(5)

∣∣∣∣∣∣∣
(Kf)(x) := mS(x)

∫
Rd

k(x− y)mS(y)f(y)dy.

k(z) =
1

(2π)d

∫
Rd

eiξ·z |m̂F (ξ)|2 dξ.

Lemma 1. If mS, m̂F ∈ L2(Rd), then for all f ∈ L2(Rd),

(6) ∥Kf∥
L2 ≤ ∥m̂F∥2L2 ∥mS∥2L2 ∥f∥L2 .

Proof. It is a consequence of Young and Hölder inequalities which yield

∥MFMSf∥L2 = ∥mF ∗ (mSf)∥L2 ≤ ∥mF∥L2 ∥mSf∥L1 ≤ ∥m̂F∥L2 ∥mS∥L2 ∥f∥L2

and the definition of K. □

For any nonzero function f ∈ L2(Rd), we define the associated concentration ratio:

(7) ν(f) :=
∥MFMSf∥2L2

∥f∥2L2

=
(Kf, f)L2

(f, f)L2

.

It is clear that ν ≥ 0 and that ν ≤ ∥mS∥2L2∥m̂F∥2L2 using Lemma 1. In this work we are
interested in finding the functions that maximize the concentration ratio, i.e. solutions to
the eigenvalue problem

(8) Find (λ, ψ) ∈ R× L2 s.t. Kψ = λψ.

and to compute efficiently the eigenvectors corresponding to the largest eigenvalues λ. This
problem is equivalent to finding the singular values of the operatorMFMS.

2.1. Properties. Using classical results (see e.g. [19, Chapter VI]), one gets the following
properties:

Proposition 1. The concentration operator K defined in (5) enjoys the following properties:
a) K is a Hilbert-Schmidt operator, self-adjoint, compact, and positive semi-definite.
b) The countable family {ψi}∞i=1 of eigenfunctions of K is orthonormal for the usual

L2(Rd) inner product and complete in L2(Rd). The associated eigenvalues {λi}∞i=1 are
real, nonnegative, and we can order them so that λi ≥ λi+1 ≥ 0 for i ≥ 1.

c) The orthonormal basis of eigenfunctions {ψi}∞i=1 are critical points for the concentration
ratio (7), and can be obtained by the successive maximization problems

(9) λn = sup
f∈L2(Rd)

f∈[ψ1,...,ψn−1]⊥

(Kf, f)L2

(f, f)L2

,

where [ψ1, . . . , ψn−1]
⊥ := {u ∈ L2(Rd) : (u, ψi)L2 = 0, i = 1, . . . , n− 1}.

d) For large n, λn = o(n−1/2).
e) Suppose |m̂F |2 is even, and mS is real, then K is real-valued for real inputs.

Proof. The fact that K is a Hilbert-Schmidt operator is a consequence of Lemma 1 and the
compactness is due to [19, Theorem VI.22]. The other properties of a) are easily derived from
(4).
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To obtain b), we use the Hilbert-Schmidt Theorem (see [19, Chapter VI]) which can be
applied since we have just shown that K is a self-adjoint and compact operator.

To prove c) and (9), we recall the min-max theorem:

λn = min
φ1,...,φn−1

max
f∈L2(Rd)

f∈[φ1,...,φn−1]⊥

(Kf, f)L2

(f, f)L2

,

see for instance [5, Thm. 6.23] or [19, Thm. VI.15]. Now, if f ∈ [ψ1, . . . , ψn−1]
⊥, we have

f =
∑

i≥n aiψi where ψi is the i-th eigenfunction of K. For such a function f , we get

(Kf, f)L2

(f, f)L2

=

∑+∞
i=n |ai|2λi(K)∑+∞

i=n |ai|2
≤ λn(K),

and the fact that equality is attained with f = ψn shows (9).
The point d) follows from [19, Theorem VI.22], which states that

∞∑
n=1

λ2n <∞.

This series is convergent only if λn = o(n−1/2) for large n.
About the point e), it suffices to show that the inverse Fourier transform of |m̂F |2 is real.

We have∫
Rd

|m̂F (ξ)|2eiξ·(y−x)dξ =
∫
Rd

|m̂F (ξ)|2 (cos(ξ · (y − x)) + i sin(ξ · (y − x))) dξ.

When |m̂F |2 is even, the complex part vanishes as the integral of an odd function. Thus, only
the real part remains. □

Some properties of the eigenfunctions {ψi}∞i=1 can easily be obtained:

Lemma 2 (Symmetries). Suppose there is an orthogonal matrix S ∈ Rd×d and α ∈ C, |α| = 1,
such that mS ◦ S = αmS and |m̂F ◦ S| = |m̂F |. Then

K(ψ ◦ S) = (K(ψ)) ◦ S.
In particular, if ψ is an eigenfunction of K associated to an eigenvalue λ of multiplicity one,
then there exists β ∈ C, |β| = 1, such that

ψ ◦ S = βψ.

Proof. It follows from straightforward computations. First of all, since S is orthogonal,
|detS| = 1. We now compute

(Kψ)(Sx) =
∫
Rd

mS(y)mS(Sx)F−1
[
|m̂F |2

]
(Sx− y)ψ(y)dy.

The change of variables y = Sỹ yields

(Kψ)(Sx) =
∫
Rd

mS(Sỹ)mS(Sx)F−1
[
|m̂F |2

]
(Sx− Sỹ)ψ(Sỹ)dỹ,

where we have used |detS| = 1. Owing to the assumption mS ◦ S = αmS, |α| = 1,

(Kψ)(Sx) =
∫
Rd

mS(ỹ)mS(x)F−1
[
|m̂F |2

]
(Sx− Sỹ)ψ(Sỹ)dỹ.

5



It only remains to show that F−1 [|m̂F |2] (Sx− Sỹ) = F−1 [|m̂F |2] (x− ỹ). Letting ξ = Sξ̃,

F−1
[
|m̂F |2

]
(Sx− Sỹ) =

1

(2π)d

∫
Rd

|m̂F (ξ)|2 eiξ·S(x−ỹ)dξ

=
1

(2π)d

∫
Rd

∣∣∣m̂F (Sξ̃)
∣∣∣2 ei(Sξ̃)·S(x−ỹ)dξ̃.

We have again used the fact that |detS| = 1. Since S is orthogonal, STS = I, therefore
(Sξ̃) · S(x− ỹ) = ξ̃ · (x− ỹ) and

F−1
[
|m̂F |2

]
(Sx− Sỹ) =

1

(2π)d

∫
Rd

∣∣∣m̂F (ξ̃)
∣∣∣2 eiξ̃·(x−ỹ)dξ̃,

where we have used the assumption |m̂F ◦ S| = |m̂F |. We finally obtain

(Kψ)(Sx) =
∫
Rd

mS(ỹ)mS(x)F−1
[
|m̂F |2

]
(x− ỹ)ψ(Sỹ)dỹ,

which is exactly (Kψ) ◦ S = K(ψ ◦ S). If ψ is an eigenfunction associated to an eigenvalue λ
of multiplicity one, so is ψ ◦S. Therefore, they must agree up to some multiplicative constant.
Due to the orthogonality of S they have the same L2(Rd) norm, so that constant must have
modulus one. □

Let us consider the case where λ is a multiple eigenvalue of multiplicity p ∈ N∗. Write
ϕ1, . . . , ϕp the eigenfunctions of K associated to λ. For any i = 1, . . . , p, the same computations
as above yield that ϕi◦S is an eigenfunction associated to λ. Therefore, we can only decompose

ϕi ◦ S =

p∑
j=1

bijϕj, bij ∈ C with
p∑
j=1

|bij| = 1.

This formula can have some applications, for example in presence of rotational or asymmetric
invariances. Indeed, assume for instance that Sk = Id for some k (which is the case for discs
or polygons with axis of symmetries in 2D or for 3D axisymmetric domains, with invariance
by angular rotation of angle 2π

k
). Then the previous relation implies that Bk = Id which

implies that the eigenfunctions can be sorted with respect to the eigenvalues αn = e
2iπn
k ,

n = 1, . . . , k of B = (bi,j)i,j. This will be easily observed in the 2D examples below (the disc
and the cat-head).

2.2. Special case of binary masks. The situation with binary masks has some interesting
properties. For two (smooth enough) domains ΩS,ΩF ⊂ Rd if we take mS(x) = 1ΩS

and
m̂F = 1ΩF

, the eigenvalue problem associated with the operator (5) can be written
(10)

Find (λ, ψ), s.t. λψ(x) =

∫
ΩS

k(x− y)ψ(y)dy, x ∈ ΩS, k(z) =
1

(2π)d

∫
ΩF

eiξ·zdξ.

Note that the study of the function k(z) for general domains is a difficult question, see for
instance [8].

Lemma 3 (Translations with binary masks). Let ΩS,ΩF ⊂ Rd, p ∈ Rd. The following
equivalences hold:
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• (λ, ψ) is an eigenpair of the concentration operator associated to masks mS = 1ΩS+p

and m̂F = 1ΩF
iff (λ, ψ ◦ τ−p) is an eigenpair of the concentration operator associated

to masks mS = 1ΩS
and m̂F = 1ΩF

;
• (λ, ψ) is an eigenpair of the concentration operator associated to masks mS = 1ΩS

and m̂F = 1ΩF+p iff (λ, x 7→ ψ(x)e−ip·x) is an eigenpair of the concentration operator
associated to masks mS = 1ΩS

and m̂F = 1ΩF
.

Proof. Let us start with the first claim, and consider (λ, ψ) an eigenpair of the concentration
operator associated to masks mS = 1ΩS+p and m̂F = 1ΩF

. We have

λψ(x) = (2π)−d1ΩS+p(x)

∫
ΩS+p

ψ(y)

∫
ΩF

eiξ·(x−y)dξdy

⇐⇒ λψ(x) = (2π)−d1ΩS
(τp(x))

∫
ΩS+p

ψ(y)

∫
ΩF

eiξ·(τp(x)−τp(y))dξdy.

Write u := τp(x) and v := τp(y), then dv = dy and

λψ(τ−p(u)) = (2π)−d1ΩS
(u)

∫
ΩS

ψ(τ−p(v))

∫
ΩF

eiξ·(u−v)dξdv.

In other words, (λ, ψ ◦ τ−p) is an eigenpair of the concentration operator associated to masks
mS = 1ΩS

and m̂F = 1ΩF
.

We now proceed to proving the second claim. Consider (λ, ψ) an eigenpair of the concen-
tration operator associated to masks mS = 1ΩS

and m̂F = 1ΩF+p, then

λψ(x) = (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)

∫
ΩF+p

eiξ·(x−y)dξdy.

Write ξ = ζ + p for ζ ∈ ΩF , then dξ = dζ and

λψ(x) = (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)

∫
ΩF

ei(ζ+p)·(x−y)dζdy

⇐⇒ λψ(x)e−ip·x = (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)e−ip·y
∫
ΩF

eiζ·(x−y)dζdy.

In other words, (λ, x 7→ ψ(x)e−ip·x) is an eigenpair of the concentration operator associated
to masks mS = 1ΩS

and m̂F = 1ΩF
. □

The following result now generalizes the scaling invariance of the problem, implying in
1D the fact that the eigenfunctions depend only on the product of the size of the space and
Fourier intervals:

Lemma 4 (Affine transformations with binary masks). Let A ∈ Rd×d an invertible matrix,
ΩS,ΩF ⊂ Rd, and write

AΩF := {Az : z ∈ ΩF} .
Let (λ, ψ) an eigenpair of the concentration operator associated to binary masks mS = 1ΩS

and m̂F = 1AΩF
. Then, (λ, ψ ◦A−T ) is an eigenpair of the concentration operator associated

to binary masks mS = 1ATΩS
and m̂F = 1ΩF

. The converse is also true.
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Proof. An eigenpair (λ, ψ) of the concentration operator associated to masks mS = 1ΩS
and

m̂F = 1AΩF
satisfies the following equality:

λψ(x) = (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)

∫
AΩF

eiξ·(x−y)dξdy.

Let ξ := Aζ for ζ ∈ ΩF , then

λψ(x) = (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)

∫
ΩF

ei(Aζ)·(x−y)| detA|dζdy

= (2π)−d1ΩS
(x)

∫
ΩS

ψ(y)

∫
ΩF

eiζ·(A
T (x−y))| detA|dζdy.

Let u := ATx and v := ATy, then

λψ(A−Tu) = (2π)−d1ATΩS
(u)

∫
ATΩS

ψ(A−Tv)

∫
ΩF

eiζ·(u−v)dζdv.

Hence, (λ, ψ ◦ A−T ) is an eigenpair of the concentration operator associated to masks
mS = 1ATΩS

and m̂F = 1ΩF
. □

3. New examples

3.1. Quadratic domains. In the literature, the only examples of quadratic operator P
commuting with K are the operator (1) in the case of interval, as well as the case of balls
obtained by Slepian. We give below a new general result for domains delimited by general
quadrics. We define the family of d-dimensional quadratic domains as follows:

(11) Q(c, a, b) :=

{
x ∈ Rd :

d∑
m=1

(xm − cm)2am ≤ b

}
, a, c ∈ Rd, b ∈ R.

Note that in full generality, we allow negative coefficients, but that in the case where
am > 0, these domains are ellipsoidal domains. In the following we will assume these ellipses
to be centered, i.e. c = 0, to simplify the calculations. This is done without loss of generality
using Lemma 3.

Proposition 2. Consider the d-dimensional concentration problem where the space domain is
restricted to ΩS := Q(0, a, b) and the Fourier domain to ΩF := Q(0, α, β), for some a, α ∈ Rd

and b, β ∈ R. Let K be the concentration operator associated to masks mS = 1ΩS
and

m̂F = 1ΩF
, see (10). Then, there exists a second-order differential operator P, self-adjoint

on L2(ΩS), which commutes with the concentration operator K. It is given by

(12) P(x,∇x) = ∇x · (A(x)∇x) + C(x),

where

(13) A(x) := diag

{
αm

(
d∑

n=1

anx
2
n − b

)}d

m=1

and C(x) = βx · diag {an}dn=1 x.
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Proof. Let P be a self-adjoint second-order differential operator of the form (12) where
x 7→ A(x) is a matrix-valued real function such that A(x) = A(x)T on ΩS, and x 7→ C(x) is
a real scalar function. Note that the condition

(14) A = 0 on ∂ΩS =

{
x ∈ Rd :

d∑
n=1

anx
2
n = b

}
,

ensures that P is self-adjoint on L2(ΩS). Hence we have with the notation (10),

(KPf)(x) =
∫
ΩS

[P(y,∇y)f(y)] k(x− y)dy =

∫
ΩS

f(y) [P(y,∇y)k(x− y)] dy.

The commutation relation PK = KP is thus implied by the condition

(15) ∀ (x, y) ∈ Ω2
S, P(x,∇x)k(x− y) = P(y,∇y)k(x− y).

Letting φ(x, ξ) := eiξ·x, we have

k(x− y) = 1

(2π)d

∫
ΩF

φ(x, ξ)φ(y, ξ)dξ.

Owing to

(16) ∇xφ(x, ξ) = iξφ(x, ξ) and xφ(x, ξ) = −i∇ξφ(x, ξ),

we get
P(x,∇x)φ(x, ξ) = P(−i∇ξ, iξ)φ(x, ξ).

The differential operator P having real coefficients, we get

P(y,∇y)φ(y, ξ) = P(y,∇y)φ(y, ξ) = P(−i∇ξ, iξ)φ(y, ξ).

The commutation relation (15) then writes

(17)
∫
ΩF

φ(y, ξ)P(−i∇ξ, iξ)φ(x, ξ)dξ =

∫
ΩF

φ(x, ξ)P(−i∇ξ, iξ)φ(y, ξ)dξ.

In other words, we want the differential operator

P(−i∇ξ, iξ) = iξ · (A(−i∇ξ)(iξ)) + C(−i∇ξ)

to be self-adjoint on L2(ΩF ) for the Hermitian inner product.
Let A(x) be the symmetric matrix defined by the equation (13), and which satisfies the

boundary condition (14). One has

P(−i∇ξ, iξ) = −ξ · diag
{
αm

(
−

d∑
n=1

an∂
2
ξn − b

)}d

m=1

ξ + C(−i∇ξ)

=
d∑

m=1

ξmαm

(
d∑

n=1

an∂
2
ξnξm + bξm

)
+ C(−i∇ξ)

=
d∑

m=1

αm

(
d∑

n=1

anξm∂
2
ξnξm + bξ2m

)
+ C(−i∇ξ).

We emphasize that ∂ξmξn is actually the operator given for h ∈ C∞(Rd) by

∂ξmξnh = ∂ξm (ξnh) .
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In particular, since ∂ξm (ξmh) = h+ ξm∂ξmh, we have

∂ξmξm − ξm∂ξm = 1 and ∂ξmξn = ξn∂ξm , m ̸= n.

Therefore,
d∑

n=1

anξm∂
2
ξnξm = amξm∂

2
ξmξm +

∑
n̸=m

anξm∂
2
ξnξm = amξm∂

2
ξmξm +

∑
n̸=m

an∂ξnξ
2
m∂ξn

= am (∂ξmξm − 1) (ξm∂ξm + 1) +
∑
n̸=m

an∂ξnξ
2
m∂ξn

= am
(
∂ξmξ

2
m∂ξm − ξm∂ξm + ∂ξmξm − 1

)
+
∑
n̸=m

an∂ξnξ
2
m∂ξn

=
d∑

n=1

an∂ξnξ
2
m∂ξn .

Hence we have

P(−i∇ξ, iξ) =
d∑

n=1

an

d∑
m=1

αm∂ξnξ
2
m∂ξn + b

d∑
k=1

αmξ
2
m + C(−i∇ξ)

We recognize here that

P(−i∇ξ, iξ) = ∇ξ · diag
{
an

d∑
m=1

αmξ
2
m

}d

n=1

∇ξ + bξ · diag {αm}dm=1 ξ + C(−i∇ξ).

By choosing

C(−i∇ξ) = −β∇ξ · diag {an}dn=1 = −β
d∑

n=1

an∂
2
ξn ,

we obtain

P(−i∇ξ, iξ) = ∇ξ · diag
{
an

(
d∑

m=1

αmξ
2
m − β

)}d

n=1

∇ξ + bξ · diag {αm}dm=1 ξ.

It is a self-adjoint operator on L2(ΩF ) for the Hermitian inner product since

diag

{
an

(
d∑

m=1

αmξ
2
m − β

)}d

n=1

= 0 on ∂ΩF =

{
ξ ∈ Rd :

d∑
m=1

αmξ
2
m = β

}
.

This shows that (17) is satisfied, and a posteriori that P commutes with K. □

We can generalize the previous result by considering domains of the form

D(M, v, c) :=
{
x ∈ Rd : xTMx+ vTx+ c ≤ 0

}
.

Theorem 1. Let ΩS = D(MS, vs, cS) and ΩF = D(MF , vF , cF ), for some symmetric,
diagonalizable and invertibles matrices MS,MF ∈ Rd×d, vectors vS, vF ∈ Rd and scalars
cS, cF ∈ R. Let K the concentration operator associated to masks mS = 1ΩS

and m̂F = 1ΩF
.

Then, there exists a second-order differential operator P that commutes with K.
10



Let MS = USΛSU
T
S and MF = UFΛFU

T
F , where US, UF ∈ Rd are orthogonal matrices

and ΛS,ΛF are diagonal, and write an = (ΛS)n,n, αn = (ΛF )n,n. Let wS = −1
2
Λ−1
S UT

S vS,
wF = −1

2
Λ−1
F UT

F vF , and define b = wTSΛSwS − cS, β = wTFΛFwF − cF . Then,

P(x,∇x) = ∇T
xU

TA

(
UT
S x+

1

2
Λ−1
S UT

S vs

)
UT∇x + C

(
UT
S x+

1

2
Λ−1
S UT

S vs

)
.

where

A(y) := diag

{
αm

(
d∑

n=1

any
2
n − b

)}d

m=1

and C(y) := βy · diag {an}dn=1 y.

Proof. We simply show that it is possible via an affine change of variables to recover the case
of quadratic domains of Proposition 2.

Let us drop the indices S and F since we do the exact same computations. We assume M to
be diagonalizable and symmetric, so there exist matrices U,Λ ∈ Rd×d such that M = UΛUT ,
where U is an orthogonal matrix and Λ is diagonal. We then have

Ω =
{
x ∈ Rd : (UTx)TΛ(UTx) + vTx+ c ≤ 0

}
.

This hints for the change of variable ỹ = UTx, and w̃ := UTv. Then,

Ω =
{
ỹ ∈ Rd : ỹTΛỹ + w̃T ỹ + c ≤ 0

}
.

Since M is invertible, so is Λ. Define w = −1
2
Λ−1w̃ and y = ỹ − w, then

yTΛy = (ỹ − w)TΛ(ỹ − w) = ỹTΛỹ − 2wTΛỹ + wTΛw

= ỹTΛỹ + w̃T ỹ + wTΛw,

and we get
Ω =

{
y ∈ Rd : yTΛy − wTΛw + c ≤ 0

}
.

We observe that Ω is of the form (11).
By doing similar changes of variables for the space and Fourier domains ΩS and ΩF , we

can apply Proposition 2 and obtain a commuting differential operator P in variables (y,∇y).
In order to obtain the explicit expression of P in variables (x,∇x), we have to define a few

quantities. Let an := (ΛS)n,n, αn := (ΛF )n,n, b := wTSΛSwS − cS, β := wTFΛFwF − cF , and
recall y = UT

S x+
1
2
Λ−1
S UT

S vs. Also, define

A(y) := diag

{
αm

(
d∑

n=1

any
2
n − b

)}d

m=1

and C(y) := βy · diag {an}dn=1 y.

Then

(18) P(y,∇y) = ∇y · (A(y)∇y) + C(y),

We have ∇y = UT∇x, thus

P(x,∇x) = ∇T
xU

TA

(
UT
S x+

1

2
Λ−1
S UT

S vs

)
UT∇x + C

(
UT
S x+

1

2
Λ−1
S UT

S vs

)
.

□

By Lemma 5, this commutation property allows us to look for eigenfunctions of P in order
to know the eigenfunctions of K.
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Lemma 5. Let d ≥ 1, and Q,R : L2(Rd) → L2(Rd) two commuting operators acting on
L2(Rd). In other words, QR = RQ. Suppose that each eigenfunction φi of Q is associated to
an eigenvalue κi of multiplicity one, and that {φi}i∈N is a complete family in L2(Rd). Then
Q and R have the same eigenfunctions.

Proof. Using the commutation relation between Q and R, one obtains

Qφi = κiφi =⇒ RQφi = κiRφi =⇒ QRφi = κiRφi.
This means that Rφi is also an eigenfunction of Q, and since κi is an eigenvalue of multiplicity
one we must have Rφi = cφi for some constant c ∈ C. In other words, all eigenfunctions of
Q are eigenfunctions of R. Moreover, since the eigenfunctions of Q form a complete family
of L2(Rd), we deduce that the eigenfunctions of R are exactly the eigenfunctions of Q. □

3.2. A splitting approach. Assume that 1 ≥ mS > 0 and 1 ≥ m̂F > 0. Then there exists
functions V (x) ≥ 0 and H(ξ) ≥ 0 such that

mS(x) = e−
1
2
V (x) and m̂F (ξ) = e−

1
2
H(ξ).

Owing the the fact that ξf̂(ξ) = −i∂̂xf(ξ), the operator K can be expressed under the
splitting form

(19) K = e−
1
2
V (x)e−H(−i∂x)e−

1
2
V (x)

and we recognize a Strang splitting decomposition of the pseudo-differential operatorH(−i∂x)+
V (x) (see [10,11]). In particular, we can write formally the Baker-Campbell-Hausdorff (BCH)
formula [3, 10]

e−
1
2
V (x)e−H(−i∂x)e−

1
2
V (x) = e−Z(x,−i∂x)

where

(20) Z(x,−i∂x) = H + V +
1

12
[H, [H, V ]]− 1

24
[V, [V,H]] +

∑
k≥2

Z2k+1

where the Z2k+1 are made of nested commutators between the operators H and V . Note
that in general, if H and V are polynomials, then the operators Z2k+1 can be expressed
as polynomials of higher degrees making the previous series non convergent and a general
singularly perturbed problem. Before giving more precise example, we first give a case of
convergence:

Theorem 2. Let α, β > 0, mS = e−
α
2
x2 and m̂F = e−

β
2
ξ2. Then we have

(21) K = e−
1
2
αx2eβ∆e−

1
2
αx2 = e

−argsh(
√
αβ)

[√
α(1+αβ)

β
x2−

√
β

α(1+αβ)
∆

]
.

The eigenpairs (λn, ψn)n of the operator K are given by

ψn =

(
α(1 + αβ)

β

) 1
8

φn

((
α(1 + αβ)

β

) 1
4

x

)
λn = e−argsh(

√
αβ)(2n+1)

where φn are Hermite functions.
12



Proof. We start with the following formula (see [1]), for z > 0,

e−
1
2
tanh(z)x2e

1
2
sinh(2z)∆e−

1
2
tanh(z)x2 = e−z(x

2−∆),

from which we deduce by a scaling by
√
cosh z in x:

e−
1
2
sinh(z)x2esinh(z)∆e−

1
2
sinh(z)x2 = e−z(cosh(z)x

2− 1
cosh(z)

∆)

and hence for all c > 0

e−
1
2
cx2ec∆e−

1
2
cx2 = e

−argsh(c)

[√
1+c2x2− 1√

1+c2
∆

]
.

Now by scaling again we obtain

e−
1
2
cλ2x2e

c
λ2

∆e−
1
2
cλ2x2 = e

−argsh(c)

[√
1+c2λ2x2− 1

λ2
√

1+c2
∆

]
.

and by taking λ2 =
√

α
β

and c =
√
αβ we obtain (21). Remark that this formula implies that

the operator

H = − 1

µ2
∆+ µ2x2, µ2 =

√
α(1 + αβ)

β

commutes with K. Moreover, the spectrum of the operator H is given by the normalized
functions √µφn(µx) with eigenvalues 2n + 1, where the φn are the normalized Hermite
functions. This implies the result. □

Remark 1. Using the framework of [1], this result can be easily extended to more general
masks with quadratic function H(ξ) and V (x), and in higher dimension. The details of the
exact formula are left to the reader.

We conclude this section by giving another consequence of Formula (19) which is a possible
construction of quasimodes for the operator K for masks that are close the the identity. Again,
we give only a simple example of application. Let us define the spaces

Vs = {f ∈ L2(R2), |⟨x⟩sf ∈ L2(Rd) and ⟨ξ⟩sf̂ ∈ L2(R2},
where ⟨y⟩2 = 1 + |y|2 for y ∈ Rd.

Theorem 3. Assume that mS(x) = e−
1
2
εV (x) and m̂F (ξ) = e−

1
2
εH(ξ) with ε > 0, and H(ξ) ≥ 0,

V (x) ≥ 0 two given smooth functions with polynomial growth i.e. there exists C and r, p ≥ 0
such that

|V (x)| ≤ C⟨x⟩r, |H(ξ)| ≤ C⟨ξ⟩p, ∀ (x, ξ) ∈ R2d.

Assume that (ω, ψ) ∈ R× L2(Rd) is an eigenpair of the self adjoint operator

T = H(−i∂x) + V (x), i.e. Tψ = ωψ.

Assume moreover that for all s ≥ 0, ψ ∈ Vs, Then there exists C and ε0 such that for ε ≤ ε0
we have

∥Kψ − e−εωψ∥
L2 ≤ Cε3.

13



Proof. The proof is a consequence of the classical bounds for operator splitting as in [11].
Indeed, we have for all φ smooth enough

∥e− 1
2
εV e−εHe−ε

1
2
V φ− e−εTφ∥

L2 ≤ Cε3∥φ∥VN(p,r)

where the exponent N(p, r) depends on commutator bounds of the operators [H, [H,V ]] and
[V, [V,H]] which depend themselves of p, r and the algebraic structure of the commutators
(see formula (2.4) of [11]). Note that the fact that H, V and thus T are positive operators
allow to define the semi group actions e−tH , e−tV and e−tT in the Sobolev spaces Vs. By
applying the previous estimate to the function ψ we obtain the result. □

Remark 2. We could imagine that the previous theorem could be extended to the construction
of quasi-mode of arbitrary order (i.e. with a precision O(εN ) for all N), but this would require
more elaborated mathematical techniques. Works in this direction can be found in [6] for a
related analysis in the same “parabolic” situation, and in [7] for a more general treatment of
the BCH formula for PDEs.

4. The varying masks algorithm

We describe now a new algorithm for computing the spectrum of K, which gives very good
and promising results in known unstable situations. Note however that no rigorous analysis
of this numerical method is performed in this paper. Numerical examples will be given in the
next section.

4.1. Discretization of the generalized concentration operator. For simplicity we
assume that the space and Fourier masks are compactly supported in the intervals [−1, 1]d
and [−π, π]d respectively. The space domain is discretized using the uniform midpoint rule,
and the stepsize is the same for all dimensions. If we let N the number of discretization
points in each dimension, then the stepsize is given by ∆x = 2

N
. Nodes on this grid write

x(k) = −1 +
(
k + 1

2

)
∆x for k ∈ [[0, N − 1]]d.

We are interested in discretizing the concentration operator (5), which can be written in
this case

(Kf)(x) =
∫
[−1,1]d

f(y)k(y, x)dy, x ∈ [−1, 1]d

where
k(y, x) = mS(y)mS(x)F−1

[
|m̂F (ξ)|2

]
(x− y).

For every node x(j) in the space grid, we obtain∫
[−1,1]d

f(y)k(y, x(j))dy ≈ (∆x)d
∑

k∈[[0,N−1]]d

f(y(k))k(y(k), x(j)),

where the variable y is assumed to be discretized exactly as the x variable. It remains to
compute k(y(k), x(j)) by approximating

F−1
[
|m̂F (ξ)|2

]
(x(j) − y(k)).

Note that the difference z(j,k) := x(j) − y(k) belongs to a uniform discretization centered
around origin, with the same stepsize ∆x = 2

N
and with 2N − 1 uniform points in each

dimension.
14



We want to approximate the inverse Fourier transform by an inverse discrete Fourier
transform, let us show that this approximation holds.

Conceptually, since m̂F is assumed to be compactly supported on [−π, π]d, we can consider
the restriction m̂F |[−π,π]d and extend it periodically to Rd. Therefore, we are looking at the
inverse Fourier transform of a periodic function, which is a discrete function. Moreover, since
we are discretizing the inverse Fourier transform, the function m̂F is only evaluated on a
grid over [−π, π]d. For simplicity, we assume this grid to be uniform with M points in each
dimension, so the resulting function is not only discrete but also periodic with period M .
The Fourier integral will be discretized using the midpoint quadrature rule, so the stepsize is
given by ∆ξ = 2π

M
, and a node of this grid discretization writes ξ(l) = −π +

(
l + 1

2

)
∆ξ for

l ∈ [[0,M − 1]]d. For u ∈ [[0,M − 1]]d, we get

F−1
[
|m̂F (ξ)|2

]
(u) =

1

(2π)d

∫
[−π,π]d

|m̂F (ξ)|2 eiξ·udξ

≈ (∆ξ)d

(2π)d

∑
l∈[[0,M−1]]d

∣∣m̂F (ξ
(l))
∣∣2 eiξ(l)·udξ

≈ ei(−π+
∆ξ
2 )1·u

Md

∑
l∈[[0,M−1]]d

∣∣m̂F (ξ
(l))
∣∣2 ei 2πM l·udξ,

where 1 = (1, . . . , 1).
We recognize here the inverse Discrete Fourier transform (IDFT) of the function |m̂F |2

evaluated on the ξ-grid. Note that we actually want to compute this IDFT on the grid x− y
which has 2N − 1 points, so we choose M = 2N − 1. Moreover, u is the multi-index of
some node in the x − y grid, which means that if we are at the node x(j) − y(k) for some
j, k ∈ [[0, N − 1]]d, then u = j − k.

We obtain

(Kf)(x(j)) ≈ (∆x)d
∑

k∈[[0,N−1]]d

f(y(k))mS(y
(k))mS(x(j))

ei(−π+
∆ξ
2 )1·(j−k)

(2N − 1)d
×

∑
l∈[[0,2N−2]]d

∣∣m̂F (ξ
(l))
∣∣2 ei 2π

2N−1
l·(j−k).

For numerical reasons, it is advisable not to manipulate quantities that are too small.
Therefore, we consider a normalized eigenproblem, normalized by (∆x)d. Due to the scaling
properties of the operator, this normalization is equivalent to work on a cube of order
(∆x)−d[−1, 1]d but does not change the original problem. To simplify further, we can multiply
the j-th component of v by ei(−π+

∆ξ
2
)1·j, where v is the grid discretization of a function f .

We then obtain the following eigenproblem:

λv = Kv,

where the matrix K is the concentration matrix, and it is given by

(22) Kj,k =
mS(y

(k))mS(x(j))

(2N − 1)d

∑
l∈[[0,2N−2]]d

∣∣m̂F (ξ
(l))
∣∣2 ei 2π

2N−1
l·(j−k),
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for j, k ∈ [[0, N − 1]]d. We recognize the Discrete Fourier transform, and we emphasize that
the matrix defined by (22) allows to compute the matrix K efficiently using the Fast Fourier
Transform. Moreover, K can be written as a block matrix. For simplicity, we give details
below in the two-dimensional case:

(23) K =


K(0,0) K(0,1) · · · K(0,N−2) K(0,N−1)

K(1,0) K(1,1) · · · K(1,N−2) K(1,N−1)

...
... · · · ...

...
K(N−2,0) K(N−2,1) · · · K(N−2,N−2) K(N−2,N−1)

K(N−1,0) K(N−1,1) · · · K(N−1,N−2) K(N−1,N−1)

 ,

where each block K(r,c) is defined component-wise by

[K(r,c)]m,n := Kj=(r,m),k=(c,n).

Let us now explain why this indexing convention is particularly efficient. In (22), we can
write j−k = (j1−k1, j2−k2) = (r−c,m−n). This means that, along each diagonal of K(r,c),
the value of (j − k) is constant: indeed, r − c is constant in K(r,c), and m − n is constant
along each diagonal of K(r,c). In other words, each submatrix K(r,c) is a Toeplitz matrix,
multiplied row-wise by the function mS and column-wise by mS. The Toeplitz nature of each
block K(r,c) allows for efficient computational storage and complexity.

This two-dimensional discussion easily generalizes to the multi-dimensional case when
only the last index varies within each block K(r1,...,rd−1) of K. Therefore, each block can be
expressed as a Toeplitz matrix and component-wise multiplications.

We have the following easy result, which is more or less a discrete version of Proposition 1:

Proposition 3. The matrix K enjoys the following properties:
a) Hermitian character: K∗ = K.
b) Structure: K = D∗BD, with B a block matrix where each block is Toeplitz, and D is

a diagonal matrix.
c) Its eigenvalues are real.
d) Its eigenvectors form an unitary basis of CN1···Nd.

Proof. For the first point, we use (22) combined with the fact that |m̂F | is a real-valued
function.

The second point has already been mentioned earlier: the diagonal matrix D follows from
(22), and it corresponds to the component-wise multiplication by the function mS(x(j)) for
each row j and by mS(y

(k)) for each column k of K. Hence K is of the form D∗BD, where B
is some matrix. The block nature of B, where each block is a Toeplitz matrix, follows from
(23).

The third point is due to the Hermitian character of K. The fourth point is a classical result
in linear algebra: for any normal matrix, there exists an orthonormal basis of eigenvectors.
See for instance [2, Theorem 7.31]. □

We end this section with a remark concerning notation: we are interested in eigenpairs
of the matrix K of finite dimension. With a slight abuse of notation, we will denote ψi the
eigenvectors, which is the same notation as used for the eigenfunctions of K. Whether we are
talking about an eigenvector or an eigenfunction will always be clear from the context: if we
are talking about the continuous concentration operator K, ψi will denote an eigenfunction,
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and if we are talking about the discretized version of K (i.e. the matrix K), then ψi will
denote an eigenvector.

4.2. Approximating eigenvectors. We focus now on the case of binary compact filters, i.e.

mS = 1ΩS
and m̂F = 1ΩF

,

for two compact subsets ΩS,ΩF ⊂ Rd.
Let ΩS : R+ → [0, 1] and ΩF : R+ → [0, 1] two set-valued functions that depend on a

parameter ε. Note the slight abuse of notation, where Ωi(·) denotes a set-valued function while
Ωi denotes a subset of Rd, i ∈ {S, F}. The functions Ωi(·) are chosen such that Ωi(0) = Ωi,
and such that Ωi(ε) reduces to a set Zi of null measure as ε → ∞, i ∈ {S, F}. To these
set-valued functions we associate modified masks mS(ε, ·) := 1ΩS(ε) and m̂F (ε, ·) = 1ΩF (ε).
We may use the shorthands mS = mS(0, ·) and m̂F = m̂F (0, ·).

We denote K(ε) the spectral concentration operator with space mask mS(ε, ·) and Fourier
mask m̂F (ε, ·), and K(ε) its discretization as described in Section 4.1. We may use the
shorthand K = K(0). Moreover, we write

(
λn(ε), ψn(ε)

)
the n-th eigenpair of the modified

concentration matrix K(ε).
We define the concentration ratio of a vector similarly to the continuous setting:

ν(v) =
v∗Kv

v∗v
.

Note that it is computed with respect to the initial concentration matrix K(0).
We now make an assumption, which will be crucial in the following. It has always been

observed to hold in practice during our experiments, so we believe this assumption does not
impose too much restriction.

Assumption 1. It is assumed that, as ε→ 0, the eigenvalues corresponding to the concen-
tration operator with masks mS(ε, ·) in space and m̂F (ε, ·) in Fourier are such that the first
eigenvalue λ1(ε) reaches λ1(0) before λ2(ε) reaches λ2(0), and so on for the next eigenvalues
λn(ε). In other words, we assume that eigenvalues corresponding to the modified masks are
all (numerically!) distinct for ε > 0, and that the order λi(ε) > λi+1(ε) is preserved for all ε.

To illustrate this assumption we go back to the one-dimensional historical example by
Slepian, but instead of considering mS = 1[−1,1] and m̂F = 1[−c,c], we consider their modified
versions mS(ε, ·) = 1[−µ(ε),µ(ε)] and m̂F (ε, ·) = 1[−cµ(ε),cµ(ε)], where

(24) µ(ε) :=
1

(1 + ε4)1/4
.

There is no numerical issue in looking for the eigenvalues, even if they are close to each
other. Issues arise when we look for eigenvectors. We give in Figure 1 the 30 first eigenvalues
obtained for several values of ε. In Figure 2, we give the first 16 eigenvectors obtained
with ε = 0 (solid blue curve), with ε = 2 (dashed orange curve), as well as the exact
ones, in the case of a concentration matrix corresponding to mS(ε, ·) = 1[−µ(ε),µ(ε)] and
m̂F (ε, ·) = 1[−0.1·2πµ(ε),0.1·2πµ(ε)]. The exact eigenvectors in this particular case are known
as the eigenvectors of a tridiagonal matrix and they are called Discrete Prolate Spheroidal
Sequences (DPSS), see e.g. [21].

We can observe that ε = 0 yields eigenvectors that are not symmetric (neither even nor
odd), while ε = 2 does. It is known in this particular situation that the eigenvectors are
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Figure 1. 30 first eigenvalues of the matrix K(ε), with N = 150 points of
discretization, Ω = 0.1 · 2π.

symmetric. Moreover, ε = 2 yields some vectors that may happen be close to the desired
ones: the first vectors are very close to the exact eigenvectors, while the next vectors are very
different from the exact eigenvectors.

The key takeaway from this simple experiment is that when the concentration problem
is scaled down (or “shrinked”), the first eigenvectors are the same but the next ones have a
smaller concentration ratio. This means that it is now possible and easy to obtain approximate
eigenvectors, by looking at different values of ε > 0.

This motivates the following idea for an approximate eigendecomposition of the spectral
concentration matrix K: start from very narrow modified masks (i.e. ε large), then it is
easy to obtain the first eigenvector ψ1(ε) of K(ε) since the gap between the first and second
eigenvalues is large according to Assumption 1. However, this vector ψ1(ε) is probably
not a satisfying approximation of the first eigenvector ψ1(0) of K(0), in the sense that its
concentration ratio may not be close to the exact first eigenvalue λ1(0) of K(0). This is the
situation occuring for ε = 10 or ε ≈ 5.6 in Figure 1. When this happens, we can take ε
smaller and check again if ψ1(ε) is a satisfying approximation of ψ1(0). For some ε1 small
enough, the concentration ratio of ψ1(ε1) becomes close enough (down to some prescribed
tolerance η) to the first eigenvalue λ1(0) of K(0). In this case, we consider that ψ1(ε1) is
a good enough approximation of ψ1(0), and we record this vector ψ1(ε1). We then repeat
this process in order to find an approximation of the second eigenvector ψ2(0) of K(0). Note
that, when looking for ψ2(ε) an approximation of ψ2(0), we can look for it in the orthogonal
of Span{ψ1(ε1)}. This will guarantee that the set of vector we obtain at the end of the
procedure is indeed a basis of CN .

The orthogonalization w̃ of a vector w with respect to a vector v is simply given by
w̃ = u√

u∗u
where u = (1 − vv∗

v∗v
)w. In practice, we use an iterative process to approximate

eigenvectors, so the orthogonalization is required at each iteration.
By construction of this basis of approximate eigenvectors, the concentration ratio of the

n-th vector ψn(εn) is η-close to the true n-th eigenvalue λn(0). Another advantage of this
procedure is that we do not need to know beforehand all the exact eigenvalues, since it is
possible to work one eigenvector at a time.
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The procedure is described above in the one-dimensional case, but the same ideas apply
in the multi-dimensional setting. Note that some care has to be taken when choosing the
set-valued function Ωi(·), whose role is to mimic the scaling of the interval when d = 1. For
example, if Ωi has “holes”, then we don’t want the holes to move, only possibly to get bigger
or smaller. This explains why, in the case ΩS = cat-head given in Section 5.4, the set-valued
function ΩS(·) cannot simply be a scaling of ΩS. Otherwise, the holes within the cat-head
shape would move, and the convergence would require smaller values of ε.

The algorithm is given by Algorithm 1.

Remark 3. When looking for an eigenvector ψ(ε) of K(ε), one can take advantage of the
eigenvector obtained for a previous (larger) value of ε, in order to start the search of an
approximate eigenvector and thus speed up computations.

Remark 4. In Algorithm 1, we allow considering approximate eigenvalues of the matrix
K(0). This is due to the fact that, with high-dimensional matrices, it is often difficult to
obtain the eigenvalues precisely because of the computational cost. Thus we allow approximate
eigenvalues so that one can speed up the computations of λn(0) by only looking for an η-close
approximation.

Under our current assumptions, the fact that the procedure described above yields a correct
approximation of the eigenvectors is shown by Lemma 6.

Lemma 6. Let A ∈ RN×N an Hermitian matrix, and denote {λi}Ni=1 its eigenvalues (they
are all real), ordered so that λi ≥ λi+1. Let {v1, . . . , vN} an orthonormal basis of CN ,
where vi ∈ CN is an eigenvector of A associated to λi. Let η > 0 and w ∈ CN , such that
|w|2 =

√
w∗w = 1 and

(25) |w∗Aw − λ1| ≤ η.

For m ≤ N , we have

∣∣w − ProjSpan{v1,...,vm}w
∣∣2
2
≤ η

λ1 − λm+1

.

Proof. Decompose w into the {vi}Ni=1 basis: w =
∑N

i=1 civi, for some coefficients ci ∈ C such
that

∑N
i=1 |ci|2 = 1. Owing to

w∗Aw =

(
N∑
i=1

civi

)∗( N∑
j=1

cjλjvj

)
=

N∑
i=1

|ci|2λi,
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Algorithm 1 Varying masks method
Require:
• ΩS,ΩF : two finite-volume domains of Rd.
• ε 7→ Ωi(ε): a set-valued function, decreasing for the relation of set inclusion, such that
Ωi(0) = Ωi and Ωi(+∞) = Zi with meas(Zi) = 0, i ∈ {S, F}.
• mS(ε, ·) = 1ΩS(ε) and m̂F (ε, ·) = 1ΩF (ε): the modified masks.
• N : the number of discretization points for each dimension.
• ε 7→ K(ε): the modified concentration matrix. It is a square matrix of size Nd,

corresponding to the modified masks mS(ε, ·) and m̂F (ε, ·).
• M : number of eigenvectors we are looking for, M ≤ N .
• εmax, εmin: maximum and minimum value of the parameter ε.
• {εT , . . . , ε1} ⊂ [εmin, εmax]: T discretization points of the interval [εmin, εmax] (can be a

uniform discretization, log-uniform, . . . ). They are assumed to be such that εt > εt−1,
t ∈ J1, T K.
• η: numerical tolerance to compare two eigenvalues.

q := 0: this is the number of recorded eigenvectors yet.
αsaved = (αsaved,1, . . . , αsaved,M): the vector to hold all the concentration ratios.
vsaved = (vsaved,1, . . . , vsaved,M): the matrix to hold all the recorded eigenvectors
for ε = εT , . . . , ε0 do

Find λ̃q(0), an η-approximation of the exact eigenvalue λq(0). A standard eigenalgorithm
can be used here.

Find (κ, u) the most significant eigenpair of K(ε) (i.e. the one associated to the
eigenvalue of highest magnitude), where u ⊥ Span {vsaved,1, . . . , vsaved,q} and |u|2 = 1. A
standard eigenalgorithm can be used here.

Compute the concentration ratio with respect to the unperturbed problem:

ν :=
u∗K(0)u

u∗u
.

if
∣∣∣ν − λ̃q(0)∣∣∣ ≤ η then
vsaved,q ← u.
αsaved,q ← ν.
q ← q + 1.

end if
Stop if q ≥M .

end for

we get

λ1 − w∗Aw =
N∑
i=1

|ci|2 (λ1 − λi) =
m∑
i=1

|ci|2 (λ1 − λi) +
N∑

i=m+1

|ci|2 (λ1 − λi)

≥
m∑
i=1

|ci|2 (λ1 − λi) +
N∑

i=m+1

|ci|2 (λ1 − λm+1)

=
m∑
i=1

|ci|2 (λ1 − λi) +
(
1−

m∑
i=1

|ci|2
)
(λ1 − λm+1)

=
m∑
i=1

|ci|2 (λm+1 − λi) + λ1 − λm+1.
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Use the ordering of eigenvalues to obtain

η ≥ λ1 − w∗Aw > (λ1 − λm+1)
N∑

i=m+1

|ci|2

Therefore,∣∣w − ProjSpan{v1,...,vm}w
∣∣2
2
=

∣∣∣∣∣
N∑

i=m+1

civi

∣∣∣∣∣
2

2

=
N∑

i=m+1

|ci|2 ≤
η

λ1 − λm+1

.

□

Corollary 1. Under the same assumptions as Lemma 6, we have

|Aw − λ1w|2 ≤
λ1 − λn
λ1 − λ2

η.

Proof. By Lemma 6, we can write w = r + c1v1, where ci ∈ C and r ∈ Cd such that
|r|2 ≤ η

λ1−λ2 . Thus,
Aw = Ar + λ1c1v1

and
Aw − λ1w = Ar − λ1r.

Finally,

|Aw − λw|2 ≤ |||A− λ1I|||2|r|2 ≤
λ1 − λn
λ1 − λ2

η,

where we have used the estimate of |r|2. □

Remark 5. Lemma 6 is useful numerically: if one considers the criterion (25) to select the
i-th eigenvector vi, then the numerical tolerance η has to be small compared the difference
λi − λi+1 in order to have a good approximation of vi. In particular, if (25) is satisfied with
η ≪ λ1 − λ2, then we have a good approximation of v1.

Remark 6 (Continuation methods). Since we are considering a perturbed problem for ε > 0,
it seems natural to have in mind continuation methods. Here, the clusters of eigenvalues at zero
and one force us to consider continuation methods where eigenvalues have to be distinguished
using their derivatives because their value is not enough. This type of method has for instance
been introduced and used in [12, 18]. However, unreported numerical experiments showed that
the approximate eigenvectors obtained are not significantly different from those presented here
with the varying masks procedure. Moreover, continuation methods have some drawbacks that
are naturally fixed using the varying masks procedure:

• we cannot control how close the concentration ratios are to the true eigenvalues;
• in order to compute the eigenvector derivative, all eigenvectors are needed, which is

very costly in two- and higher-dimensional settings;
• continuation methods require a concentration matrix that is differentiable with respect

to the perturbation parameter ε, but the indicator masks considered are not differen-
tiable. Thus, applying continuation methods would only help us solve an approximate
concentration problem where the masks would be smooth (with respect to ε);
• the orthogonalization of eigenvectors is not guaranteed with eigenvector continuation

(though some work could probably be done in that regard to alleviate this).
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5. Numerical examples

In this section we will compare the eigenvectors obtained from a standard eigendecomposi-
tion of the concentration matrix K(0), with the approximate eigenvectors obtained via the
varying masks procedure described in Algorithm 1.

Note that the eigenvectors are a priori complex vectors, but the Fourier restrictions we
consider in the following numerical examples are chosen even so that the eigenvectors can
actually be chosen real. This is why we only present the real part of the (approximate)
eigenvectors and don’t mention their imaginary part.

We present in this section the results obtained using Algorithm 1, where both space and
Fourier masks are varying, with the same variation µ(ε). During our numerical experiments
we have also tried to let only one of the two masks vary. However, the results were always
worse than with the simultaneously varying masks. We emphasize that Algorithm 1 is not
rigorously justified, and we propose it only because it yielded interesting results that were
better than a standard eigenalgorithm. For instance, we don’t know if the choice of µ(ε) is
the best, nor if it is better to have different variations µS and µF for the space and Fourier
masks.

5.1. Interval masks – Moderate Fourier restriction. This is a one-dimensional example,
and we choose the number of discretization points N = 150. This means that the matrix is
rather small, so we can have a very small numerical tolerance, hence we choose η = 10−10.

The ε-discretization is a log-uniform discretization of the interval [10−1, 102], with T = 250
discretization points. The space mask is mS(ε, ·) = 1[−µ(ε),µ(ε)] where µ(ε) is given by (24),
and the Fourier mask is m̂F (ε, ·) = 1[−ωµ(ε),ωµ(ε)] where ω = 0.3 · 2π.

We plot in Figure 3 the eigenvectors obtained with a standard eigendecomposition of K(0)
(solid blue curve) as well as the exact eigenvectors obtained via P (dashed orange curve). We
can note that the eigendecomposition yields eigenvectors that are not localized, and they are
also not symmetric (neither even nor odd).

The approximate eigenvectors obtained via the varying masks procedure are given in Figure
4. They are much closer to the exact eigenvectors, and exhibit the expected localization and
symmetry properties. Note that we have not postprocessed the approximate eigenvectors,
and in particular we have not applied any normalization convention. This explains why some
approximate eigenvectors are the opposite of the desired ones. Moreover, the concentration
ratios of the approximate eigenvectors are guaranteed to be η-close to the true eigenvalues,
so the varying masks procedure is a satisfying robust alternative to the eigendecomposition.

5.2. Interval masks – Strong Fourier restriction. For this second example, all the
parameters of the concentration problem are the same as in Section 5.1, except for the Fourier
restriction which is now m̂F = 1[−ωµ(ε),ωµ(ε)] with ω = 0.49 · 2π. This is an important example,
since almost all eigenvalues are clustered at one.

Figure 5 shows the eigendecomposition results, and Figure 6 shows the results obtained
with the varying masks procedure. Once again, the varying masks procedure allows to recover
approximate eigenvectors with a concentration ratio η-close to the exact eigenvalues of K(0),
and these vectors exhibit localization and symmetry properties that are lacking from the
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Figure 3. 16 first eigenvectors obtained with a standard eigendecomposition
(solid blue curve) of K(0), compared to the exact eigenvectors (dashed orange
curve). Here, m̂F = 1[−0.3·2πµ(ε),0.3·2πµ(ε)]. N1 = 150, η = 10−10.

eigenvectors obtained via a standard eigendecomposition. They are, however, slightly more
localized than expected.

5.3. Two-dimensional – Centered balls. We now consider the classical two-dimensional
example of centered balls. Since the matrix K is a square matrix of size N2, we have to
keep this product reasonable for computational purposes. We recall that N is the number of
discretization points in each dimension. We choose N = 60, and η = 10−6.
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Figure 4. 16 first eigenvectors obtained with the varying masks procedure
(solid blue curve) of K(0), compared to the exact eigenvectors (dashed orange
curve). Here, m̂F = 1[−0.3·2πµ(ε),0.3·2πµ(ε)]. N1 = 150, η = 10−10.

The ε-discretization is a log-uniform discretization of the interval [10−1, 101], with T = 250
discretization points. We choose mS(ε, ·) = 1B(0,0.8µ(ε)), where µ(ε) is again given by (24),
and m̂F (ε, ·) = 1B(0,0.3·2πµ(ε)).

The results obtained using a standard eigendecomposition are given in Figure 7, and the
Fourier transform of each eigenvector is given in Figure 8. We can note that the eigenvectors
indeed have a compact support in space and that they are concentrated in the Fourier domain,
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Figure 5. 16 first eigenvectors obtained with a standard eigendecomposition
(solid blue curve) of K(0), compared to the exact eigenvectors (dashed orange
curve). Here, m̂F = 1[−0.49·2πµ(ε),0.49·2πµ(ε)]. N1 = 150, η = 10−10.

but they do not exhibit the expected localization and symmetry properties. For instance, the
first eigenvector is not more localized than the sixteenth

The results obtained using the varying masks procedure are given in Figure 9, and the
Fourier transform of each vector is given in Figure 10. These approximate eigenvectors do
exhibit the expected localization and symmetry properties, illustrating once again that the
varying masks procedure is a robust approximate alternative to the eigendecomposition of
the initial concentration matrix.
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Figure 6. 16 first eigenvectors obtained with the varying masks procedure
(solid blue curve) of K(0), compared to the exact eigenvectors (dashed orange
curve). Here, m̂F = 1[−0.49·2πµ(ε),0.49·2πµ(ε)]. N1 = 150, η = 10−10.

5.4. Two-dimensional – cat-head shape. This example is studied because of its sharp
corners, for having a unique symmetry, and for having holes. The set-valued function ΩS(ε)
is shown in Figure 11. Note that it is not simply a scaling of ΩS = ΩS(0), because we have
to take care of the holes in the domain. Indeed, we want these holes to not move, only to
possibly grow or shrink. This is to guarantee that an eigenvector v(ε) of K(ε) with eigenvalue
λ(ε) will have a concentration ratio ν(v(ε)) with respect to K(0) that is larger than λ(ε).
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Figure 7. 16 first eigenvectors obtained with a standard eigendecomposition
of K(0), where mS(ε, ·) = 1B(0,0.8µ(ε)) and m̂F (ε, ·) = 1B(0,0.3·2πµ(ε)). Here, mS

is outlined in gray. N = 60, η = 10−6.

The results obtained via a standard eigendecomposition are given in Figure 12, and the
Fourier transform of each eigenvector is given in Figure 13. The results obtained via the
varying masks procedure are given in Figure 14, and the Fourier transform of each approximate
eigenvector is given in Figure 15.

We can draw the same conclusions as those of Section 5.3: the eigendecomposition results
in eigenvectors that are not localized as expected, and they also do not have the expected
symmetry. The varying masks procedure yields approximate eigenvectors with a concentration
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Figure 8. Absolute value of the Fourier transform of the 16 first eigenvec-
tors obtained with a standard eigendecomposition of K(0), where mS(ε, ·) =
1B(0,0.8µ(ε)) and m̂F (ε, ·) = 1B(0,0.3·2πµ(ε)). Here, m̂F is outlined in gray.
N = 60, η = 10−6.

ratio that is 2η-close to the exact eigenvalues (or η-close if we consider λq instead of λ̃q
in Algorithm 1), they exhibit the expected symmetry, and they also have the expected
localization properties.

6. Perspectives and unanswered interrogations

In this work we have extended the framework laid by Slepian, Pollak, and Landau in the
1960s and 1970s, when they considered the problem of finding L2 functions with the best
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Figure 9. 16 first eigenvectors obtained with the varying masks procedure of
K(0), where mS(ε, ·) = 1B(0,0.8µ(ε)) and m̂F (ε, ·) = 1B(0,0.3·2πµ(ε)). Here, mS is
outlined in gray. N = 60, η = 10−6.

simultaneous space and Fourier localization. They solved the problem in a very elegant
manner by looking at particular situations, but their ideas do not seem to be applicable in
most cases. We extended their work from balls in Rd to general quadric domains in Rd, and
considered a more general framework inspired by the natural splitting representation of the
concentration operator (19) which allows to obtain exact formulas in the Gaussian case and
quasi-modes for masks close to the identity.

We then introduced a new numerical algorithm for computing the eigenmodes of the
concentration operator, named varying masks method which retains the idea of scaling

30



−2.5

0.0

2.5

ξ 2
λ1 = 9.99999E − 01 λ2 = 9.99999E − 01 λ3 = 9.99999E − 01 λ4 = 1.00000E + 00

−2.5

0.0

2.5

ξ 2

λ5 = 9.99999E − 01 λ6 = 9.99999E − 01 λ7 = 9.99999E − 01 λ8 = 9.99999E − 01

−2.5

0.0

2.5

ξ 2

λ9 = 9.99999E − 01 λ10 = 9.99999E − 01 λ11 = 9.99999E − 01 λ12 = 9.99999E − 01

−2.5 0.0 2.5

ξ1

−2.5

0.0

2.5

ξ 2

λ13 = 1.00000E + 00

−2.5 0.0 2.5

ξ1

λ14 = 1.00000E + 00

−2.5 0.0 2.5

ξ1

λ15 = 9.99999E − 01

−2.5 0.0 2.5

ξ1

λ16 = 9.99999E − 01

0 2 4 6 8 10 12

Figure 10. Absolute value of the Fourier transform of the 16 first eigenvectors
obtained with the varying masks procedure of K(0), wheremS(ε, ·) = 1B(0,0.8µ(ε))

and m̂F (ε, ·) = 1B(0,0.3·2πµ(ε)). Here, m̂F is outlined in gray. N = 60, η = 10−6.

progressively the masks from a situation where no relevant mode can be found (when both
masks are too concentrated) to the targeted final situation. This simultaneous modification of
the space and Fourier masks can be easily implemented in practice, and we reported excellent
behavior of this algorithm. In particular, we showed on several numerical examples that the
given procedure seems to be more robust than a standard eigendecomposition algorithm, and
the results using this procedure exhibit better localization and symmetry properties than
standard eigendecomposition algorithms.
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Figure 11. Set-valued function ΩS(ε) when ΩS = ΩS(0) = cat-head, for
ε ∈ {0, 1, 3/2}.

However, the main idea of this work is based upon Assumption 1, and some detailed
analysis is required to determine if it actually holds. Some analysis is also required to give
the proposed algorithm some rigorous foundations, as well as study how different scalings in
space and Fourier would affect the results. Finally, we believe that the splitting approach (19)
can be useful for more general understanding of the spectrum of the spectral concentration
operator in very general situation.
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